Abstract: A great number of masonry arch bridges are still in service in Europe, the Middle East, and other parts of the world. Assessing the capacity of these historical structures is an important problem both for safety and preservation purposes. This paper addresses the assessment of the Titus Tunnel Bridge, a single-span, Roman stone arch pedestrian bridge (Common Era 70) located in Antakya, Turkey, using analytical and numerical techniques. The bridge is located in an active seismic zone and has survived several major earthquakes. Therefore, it is important to understand the Bridge's subtle features that have helped the structure survive for the last two millennia. Furthermore, being a single-span semicircular stone arch, the bridge exemplifies the main construction blocks of several masonry bridges around the world. First, the analytical techniques, i.e., Heyman's geometrical factor of safety and the mechanism method, are used to assess the capacity of the bridge under simple loading conditions and to validate the finite-element (FE) models. Then, discrete FE modeling with explicit time integration is used to investigate the arch behavior under both gravity and earthquake loading conditions. It is observed that the Titus Tunnel Bridge has a significant margin of safety against collapse, which also explains the approximately 2,000-year lifetime of the structure. The results are also used to provide estimates on the maximum expected ground motions in the region using a precarious rocks analogy.
Introduction
Unreinforced masonry is rarely a preferred type of construction today; however, it constitutes most of the historical heritage. Assessment and understanding of the behavior of masonry structures becomes more important every day because of concerns related to both safety and preservation. The earthquakes in Iran (Bam in 2003) , Italy (L'Aquila in Emilia in 2012) , and New Zealand (Christchurch in 2010 (Christchurch in -2011 have evidenced the necessity of research efforts focusing on the analysis of historical structures. It is not only earthquakes that threaten historical structures but also changes in the usage, leading to load levels that may exceed the design strength and warrant the assessment under static load conditions. Hurricanes, weathering, and humaninduced deterioration are among other factors that put historical structures in jeopardy.
The primitive usage of the arches dates back to 3000 Before Common Era (BCE) in the underground tombs of Sumerians in Mesopotamia (Ural et al. 2008) . The use of stone arches in construction of bridges, aqueducts, and buildings continued and increased during the Roman Empire, Medieval period, and Renaissance, and until the second half of the twentieth century. Masonry arch bridges still constitute an important part of the European railway and road network with several thousands of bridges in service. It is estimated that approximately 75,000 arch bridges are in service in the United Kingdom (Ng and Fairfield 2002) , more than 7,000 masonry bridges that span over 8 m serve the Italian railway system (Brencich and Colla 2002) , and approximately 8% of all bridges under the Spanish Ministry of Public Works are stone arch bridges (Martinez et al. 2001 ). According to a survey conducted with funding by the General Directorate of Highways, 675 masonry arch bridges exist in Turkey (Tunc 1978) . Similar statistics could be cited for other parts of Europe and the Middle East. These bridges are now being used under ever-increasing loads beyond the levels anticipated by their designers. Developing assessment tools for these structures has become a pressing need to prevent failures that would result in the loss of historical heritage and to address safety issues.
Despite the fact that masonry bridges are designed and constructed using simple techniques, the assessment of these structures is challenging because of several reasons: lack of geometrical data and information on existing damage, difficulties associated with the characterization of material properties, among others. Nevertheless, researchers have long been intrigued by masonry arches and several studies have focused on understanding the behavior and assessing the capacity of these structures. The existing literature on the analysis of masonry arches can be divided into two categories: analytical and numerical approaches. The first attempts to understand the arch problem were based on statics and determining the location of the compressive forces within the arch (Hooke 1675; Gregory 1697) . The following studies first focused on the arch mechanism and understanding the collapse modes (e.g., Coulomb 1773) and subsequently on analyses based on the theory of elasticity, assuming that masonry could sustain high levels of tensile stress (e.g., Navier 1833; Castigliano 1879). The greatest contribution to the analysis of the arch behavior was made by Heyman (1966 Heyman ( , 1969 Heyman ( , 1980 Heyman ( , 1982 by applying the principles of the theory of plasticity to masonry arches (limit analysis) and introducing the geometrical factor of safety and the safety theorem. Livesley (1978) extended the limit analysis approach of Heyman to include sliding and used linear programming to calculate the collapse load. Many researchers followed the developments of Heyman and Livesley and investigated the masonry arch behavior based on the principles of rigid-plastic theory with various extensions (Clemente et al. 1995; Boothby 1997; Orduña 2003) . Again branching from Heyman's developments, several recent studies proposed analytical solutions to the arch problem based on static equilibrium (Audenaert et al. 2007; Roca et al. 2007 ). The mechanism method, a modified version of which is also used in this paper, has remained as an efficient tool in analysis of arch behavior and has been used in recent studies (Ng and Fairfield 2004; Chen et al. 2007) .
Although analytical techniques have been proven to be practical methods of evaluating the capacity and failure mechanisms of masonry arches, in most cases they remain inadequate in representing complex behavior such as the interaction between the fill and the arch, sliding between stones, and support settlement. It is also difficult to predict the stresses and displacement fields under large deformations using analytical techniques. Because of these reasons, several studies have used finite elements (FE) for modeling of masonry arch bridges. Detailed FE analysis of masonry arch bridges may become computationally costly, and as a result researchers have developed simplified techniques. Brencich and De Francesco (2004a, b) eliminated the computation of the stress field by numerical integration to increase computational efficiency. Gambarotta (2006, 2007) performed FE application of the kinematic and static theorems of the limit analysis to calculate upper-and lower-bound collapse loads, respectively. More recent studies have applied fiber-based FE techniques in the modeling of masonry arch bridges (de Felice 2009; Cancelliere et al. 2010) . Sevim et al. (2011a, b) investigated the dynamic behavior of singlespan masonry arch bridges using modal and time history analysis from information gained through in situ vibration tests. Several other researchers used the FE approach for modeling of masonry arch bridges (e.g., Crisfield 1988; Molins and Roca 1998; Fanning and Boothby 2001; Creazza et al. 2002; Del Coz Díaz et al. 2007 ). Most of the latter studies used damage models, with no tension and limited compression resistance, to represent the masonry material behavior.
The discontinuous nature of masonry arches renders discrete FEs as a suitable modeling approach. In discrete FE modeling, stones are considered as a collection of rigid (or deformable) blocks that interact with each other through contact surfaces. No special interface (contact) elements are used between the stones, which facilitates the large deformation analysis. The imposition of contact conditions on a large number of distinct interacting domains is the main challenge in discrete FE modeling. Ghaboussi (1988) was one of the first researchers to apply the discrete element method to analysis of masonry arches. Several other researchers adopted the discrete modeling approach (e.g., Mamaghani et al. 1999; Thavalingam et al. 2001; Bicanic et al. 2002; Ford et al. 2003; Chetouane et al. 2005) . The use of implicit integration schemes was common in the latter studies. Although being efficient in solving nonlinear problems, explicit time integration was only used for dynamic analysis in the assessment of masonry structures (Papantonopoulos et al. 2002; Psycharis et al. 2003) .
The previous review of the literature is not intended to be comprehensive and none of the techniques is favored over another. Several other research studies that were not cited previously successfully developed techniques, analytical and numerical, to better understand the behavior of masonry arch bridges. The research significance of this paper is threefold. First, through the assessment conducted as a part of this study, it is expected that the bridge, which is of robust construction and has been able to withstand moderate-tolarge magnitude earthquakes and increased live loads over approximately 2,000 years because of its subtle features, will be understood to a better extent. Second, with its simple geometry and construction technique, the bridge references the hypothetical structures studied by several researchers (e.g., Cuomo and Ventura 2000; Lourenço 2001 ). Third, the intriguing history of the bridge, which is described briefly in the subsequent sections, warrants a close examination of this valuable structure. In the remainder of the paper, a brief history and a description of the physical features of the bridge are followed by the capacity assessment using analytical and numerical approaches.
Titus Tunnel Bridge

Brief History of the Titus Tunnel Bridge and Local Seismicity
The Titus Tunnel Bridge is located in the ancient settlement Seleucia Pieria, which now falls within the boundaries of the modern southeastern city of Antakya, Turkey (Fig. 1) . Antakya (formerly known Fig. 1 . Location of the Titus Tunnel Bridge (image courtesy of NordNordWest); inset shows the cities of Antioch, Seleucia Pieria, Apamea, and Laodicea (Shepherd 1911) as Antioch on the Orontes) was founded in 300 BCE by the emperor of Seleucid dynasty, Seleucus I Nicator, along with Seleucia Pieria, Apamea, and Laodicea (see Fig. 1 ) (Downey 1961 (Millar 1993) . The Vespasian and Titus Tunnel (also known as the Gariz Tunnel), with an approximate length of 1,380 m, which at one point passes through solid rock of about 370 m height, is an exemplary effort of Roman engineering (Fig. 2) . The underground segment of the tunnel is approximately 130 m long, 6 m wide, and 7 m high. Jewish prisoners from Jerusalem and Roman soldiers worked in the construction of the tunnel. The Titus Tunnel Bridge (Fig. 3) is located on the lower course of the tunnel spanning the ravine at that point. The oldest photograph of the bridge that the authors could locate dates back to before 1900 [ Fig. 3(b) ]. It is seen that the bridge is still well preserved. Further details regarding the physical features of the bridge are provided in the subsequent section.
The surrounding region of the Titus Tunnel Bridge is affected by the East Anatolian Fault that lies between the westward moving Anatolian block and the Arabian and African plates, which move northward toward the stable Eurasian plate. The East Anatolian Fault has an approximate displacement rate of 8-9 mm/year (Yürür and Chorowicz 1998; Mahmoud et al. 2013) . Antakya lies within the zone with highest seismicity in the hazard zonation maps developed for the region (Kayabali and Akin 2003) . Several major earthquakes have occurred in the region, among which the most devastating were the 115 and 526 CE earthquakes with estimated magnitudes, M S 5 6 (Ambraseys 2009 ). The most recent notable earthquake occurred on January 22, 1997, with a magnitude of M S 5 5:4. The investigation of Titus Tunnel Bridge's seismic capacity is also significant to estimate an upper bound for ground motion intensity resulting from historical events, for which no measurements are available.
Location, Geometrical Properties, Physical Features, and Construction Technique
The authors took a field trip to Seleucia Pieria to survey the features of the Titus Tunnel Bridge, including the geometrical properties, physical features, and construction technique, which are pertinent to the analytical and numerical studies conducted herein. The exact location of the bridge was found as 36°07917.299 N and 35°55937.999 E at an altitude of 46 m. It was observed that the bridge is formed of 21 rows of stones, where each row is constituted of two pieces (Fig. 4) , although a few single piece stones exist. As shown in Figs. 3 and 4, the bridge has nearly perfect semicircular geometry with a radius of 3 m and an out-of-plane width of 1.7 m. Having 21 rows, the placement of stones is symmetrical in the vertical plane with respect to the 11th stone (when counted from either side) (the numbering is also illustrated in Fig. 4 ). The 11th stone of the bridge (also known as the keystone) has a crucial role in the overall stability of the arch. At the removal of provisional centering supports the arch experiences settlement as a result of self-weight. The keystone, having slightly larger dimensions, applies compressive forces to adjacent stones during the initial settlement, thereby preventing an immediate collapse of the arch. At the time of the measurement, a settlement of 100 mm was observed at the crown of the arch.
Although showing a certain amount of variation, the depth and width of the stones [these dimensions are indicated on the idealized arch in Fig. 4 (a)] were measured to be approximately 650 and 490 mm, respectively. These values are slightly larger for the keystone and equal to 700 and 580 mm. Assuming an average unit weight of 22 kN=m 3 for the stones, the total weight of the bridge was approximated as 245 kN.
The authors could not locate any reliable source that indicates the construction purpose of the Titus Tunnel Bridge. It is not exactly known whether the groove [shown in Fig. 4 (c)] was intentionally carved or it is a consequence of extensive weathering; however, it is known that the arch has served as a passage for pedestrians and those riding animals over the Titus Tunnel for several centuries.
Stone construction replaced the considerably less durable wooden bridges in the third century BCE. The Titus Tunnel Bridge exemplifies the typical stone arch construction techniques of first century CE Roman engineering. The semicircular geometry is commonly observed because of its simplicity; however, the inappropriateness of a semicircular shape for large spans (a bridge gains significant height as the span increases) led to segmental (or shallow), and more rarely elliptical and three-centered arches among other geometries. Pozzolana cement, which is widely observed even in older Roman construction (e.g., Pont de Pierre, Aosta, Italy, 30 BCE-14 CE), was not used in the construction of the Titus Tunnel Bridge. Because no mortar was used, the structure relies on frictional forces between the stones generated by the selfweight of the bridge.
It was observed that the bridge is made of limestone. Because of the lack of any mechanical test data on the indigenous material, approximate values were assumed from other studies. The limestone elastic modulus and compressive strength varies between 4.5 and 90 GPa and 15 and 290 MPa, respectively (Zhang 2005; Waltham 2009 ). In this study, the arch stone elastic modulus and compressive strength were assumed to be 20 GPa and 20 MPa, respectively, as a conservative estimation of the bridge capacity. As shown in Fig. 4(b) , the bridge abutments are made of rock with similar characteristics to that of the arch stones. Rows 1-5 and 17-21 are supported by soil approach ways, which provide an increasing amount of lateral resistance (with increasing soil depth) against the sliding of the stone blocks. This feature of the bridge is investigated further in the numerical simulations.
Assessment of the Titus Tunnel Bridge Using Analytical Techniques
In this section, the well-known geometrical factor of safety and the kinematic limit analysis are used to assess the capacity of the Titus Tunnel Bridge. Assessment of Titus Tunnel Bridge using analytical techniques was also discussed by Gencturk et al. (2007) . The results from these simple approaches not only provide a benchmark for the numerical analyses that are presented subsequently but also help develop an understanding of the arch behavior (failure mechanisms and load-carrying capacity) for simplified load and boundary conditions. The subsequent sections briefly describe the geometrical factor of safety and kinematic limit analysis as well as a procedure for drawing thrust lines, which is required in both assessment methods.
Drawing Thrust Lines
A thrust line for an arch is constructed by calculating and connecting the eccentricities at the interfaces between the voussoirs. Thus, the thrust line represents the points where a resultant compressive force (thrust force) acts at each point within the arch ring. The eccentricities need not necessarily be calculated at the block joints; however, this approach provides a reasonable representation of the thrust line for stone arches (with discrete blocks). A similar approach may be adopted for continuous arches through discretization of the arch ring. According to the methodology described by Boothby (1996) , each voussoir is loaded with self-weight, the load of the overlying fill, and any superimposed load, as shown in Fig. 5(a) . Then, the equilibrium is imposed on a single voussoir [Fig. 5(b) ] to derive the recursive formula (1), the eccentricity and forces acting at the first joint are needed, i.e., e 1 , V 1 , and H. Once these quantities are known, the eccentricity at each joint can be calculated using the recursive formula provided previously. The horizontal force is assumed to be constant at any point in the arch (no horizontal forces act on the ring at an intermediate point for the simple vertical loading conditions); however, Eq. (1) is generalized here to accommodate varying horizontal actions.
Geometrical Factor of Safety
The geometrical factor of safety was first proposed by Heyman (1969) as the ratio of the parameter t=R to a limiting value of ðt=RÞ critical , where t and R are the thickness and interior radius of the arch, as shown in Fig. 6(a) . In the limiting state, the arch thickness is barely enough to completely contain the thrust line; in other words, the thrust line touches the arch extrados and intrados at five points, forming a mechanism that leads to collapse of the structure. Because of symmetry, a five-hinge collapse mechanism occurs, as illustrated in Fig. 6(b) . The parameter b, which defines the location of the hinges at the haunches, is obtained by solving the equilibrium equation
where a 5 half of the total arch angle [see Fig. 6(a) ]. Once b is calculated the limiting value ðt=RÞ critical is obtained as
The geometrical factor of safety for the Titus Tunnel Bride was calculated, using Eqs. (2) and (3), to be slightly above 2 for the support conditions illustrated in Fig. 6(b) . However, for the actual structure, a certain number of blocks are supported on each side by the approach fill, as seen in Fig. 4(b) . The geometrical factor of safety increases rapidly, as shown in Fig. 7(a) , as the angle measured from one support to the other decreases, or in other words the blocks are considered to be fully constrained by the supporting fill. In the case of the Titus Tunnel Bridge, four blocks are assumed to be constrained, which increases the geometrical factor of safety to 12. Another interpretation of the same result is provided in Fig. 7(b) . According to the geometrical factor of safety approach, the arch is stable for thicknesses considerably lower than the actual arch thickness of 650 mm. As seen in Fig. 7(b) , for a constant radius, the arch thickness required for stability reduces with decreasing arch span. It is not possible to draw any conclusion on whether the Roman engineers had the knowledge to determine the minimum arch thickness for a given bridge span and factor of safety; however, it can be concluded that a high safety margin has played a crucial role in the longevity of the Titus Tunnel Bridge.
Kinematic Analysis (Mechanism Method)
The mechanism method is used to determine the collapse load for a given arch geometry. In this method, the following assumptions are made: the blocks are infinitely rigid and strong, no tension can be transmitted at the joints, and no sliding occurs between the blocks. The second assumption does not introduce any significant error in the solution for the Titus Tunnel Bridge because no mortar was used to join the stone blocks. The compressive strength of the stones rarely becomes the controlling limit state in masonry arches (Orduna and Lourenço 2003) , which is also supported by the findings here as discussed in the subsequent sections. Nevertheless, for arches with a significant ring depth, excessive compressive forces may cause local crushing at the corners, which results in the movement of hinge locations within the thickness of the arch and lead to increased deformations and instability (DeJong et al. 2008) . Experimental evidence indicates that sliding between the blocks may be observed depending on the geometry, material properties, and loading conditions (Audenaert et al. 2007 ).
The mechanism method relies on static equilibrium, and a similar approach to that of Ozer (2006) was followed here. For the case shown in Fig. 8(b) , the system is not symmetric and four hinges are sufficient to form a mechanism. Four hinges, which divide the arch into three segments, were selected arbitrarily following the rule that the hinges will alternate between the arch intrados and extrados. For each segment three equilibrium equations were written, and the nine equilibrium equations were solved for the nine unknowns: two reaction forces at each hinge plus the vertical load P. A thrust line was drawn, and if it was completely contained by the arch, the load P was taken as the collapse load. The uniqueness theorem guarantees that for a collapse load, there exists only one hinge combination that makes the thrust line lay wholly within the arch ring, and for this collapse mechanism that collapse load is unique (Boothby 2001) . For the assessment of the Titus Tunnel Bridge, distributed loads were applied on each of the blocks separately and the collapse loads were calculated using the mechanism method. The collapse loads were then plotted against the load location and these results were used as a benchmark for the FE analysis.
The virtual work method was also used to compare the collapse load obtained from the mechanism method for the simplest case in which the arch is loaded with a concentrated force at the crown. The symmetrical loading condition resulted in a five-hinge collapse mechanism as illustrated in Fig. 8(a) . The external work done by the load P under a small deformation D occurring at the crown is equated to the internal work done by the arch segments as their centers of gravity change position with respect to an arbitrary datum. The same collapse load was obtained from both the virtual work and mechanism methods, which verifies the latter method. The method of virtual work is based on the tedious calculations of centers of gravity for the arch segments and their movements as a result of rotations about the instantaneous centers of rotation at the onset of the kinematic mechanism. Therefore, it is not practical to extend the virtual work method to more complex loading conditions.
Assessment of the Titus Tunnel Bridge Using Numerical Techniques
In the subsequent sections, the FE modeling approach is first discussed. Then, the results from numerical simulation are compared against those from the mechanism method for simple loading cases to verify the FE models. After this validation, cases that cannot be investigated using analytical techniques, such as earthquake loading and the effect of soil-structure interaction, are studied through additional computer simulation.
Finite-Element Modeling
The numerical modeling of the bridge was performed using LS-DYNA (Hallquist 2006) . Four different models were constructed by considering elastic or rigid material for the arch stones with and without soil-structure interaction. The FE model with soil-structure interaction is shown in Fig. 9 . Each stone was modeled as a rigid or elastic element and the contact surfaces were defined between the stones and the base platform. Eight-node solid elements with a reduced integration scheme were used to model the arch stones and rigid ground surface. Two-node discrete elements were used to model the soil approach ways. A total of 4,197 solid elements and 7,188 nodes were used to model the arch and the ground surface, and 648 one-dimensional discrete elements were used for the soil. Fixed boundary conditions were applied at the bottom of the ground slab. Additionally, translational degrees of freedom (DOF) of the ground were constrained to be the same to prevent deformation of the slab. To simulate the effect of crushing at high compressive stresses, for the cases where the stones were modeled as elastic, the material model was coupled with an element-erosion algorithm that removes the damaged element from the model when the damage variable reaches the predetermined critical value. In this work, complete crushing was assumed to occur when the equivalent compressive stress (erosion stress) reaches the critical failure stress of 20 MPa. Both the static and dynamic friction coefficients were assumed to be 0.9, which was determined based on the properties of limestone and the range of values proposed in previous studies (Lourenço 2001; Cavicchi and Gambarotta 2005; Chetouane et al. 2005) .
The soil approach ways, which laterally support arch abutments, were modeled with discrete elements (springs) as mentioned previously. The spring supports can resist compression (via bearing) but cannot resist shear or tension. A simple Winkler (1867) model that accounts for the behavior of both the foundation and soil was used. The lateral force-deformation response was characterized using a secant coefficient, k, as shown in Fig. 10(a) , which is simply a spring constant (stiffness). The Winkler model represents the soil beneath the foundation as a system of similar but mutually independent elastic springs. In this model, it is assumed that the foundation reaction at a particular point is proportional to the soil displacement. The spring coefficient, k, for such a condition is defined in terms of the ratio of force over displacement as explained by Mullapudi and Ayoub (2010) . In general, the soil adjacent to the abutment has different strata with various thicknesses and mechanical properties. As a result, the normal stress in the soil changes with depth. Because of the limited depth of the approach ways, here the soil strata were described with a single equivalent layer with an elastic modulus, E 0 , and Poisson's ratio, n 0 . The normal stress was assumed constant within this equivalent layer. The soil spring stiffness (a bearing pressure) was calculated as
where g 5 coefficient that depends on the elastic properties of the soil and determines the rate of decrease of displacements over the 
and depth of the arch (equal to 1.7 and 0.65 m for the Titus Tunnel Bridge), respectively; and E b , E s and n b , n s 5 elastic moduli and Poisson ratios of the arch stone and soil, respectively. For the Titus Tunnel Bridge, Young's modulus E b and Poisson ratio n b of the arch stones were taken as 20 GPa and 0.2, respectively. The soil approach ways adjacent to abutments were assumed to be sandy clay, with E s and n s equal to 45.4 MPa and 0.21, respectively. Experimental data do not exist to accurately quantify the value of g, therefore it is taken as unity. The value of the distributed spring stiffness, k, was calculated as 16.4 MPa.
The problem is highly nonlinear because of contact between the stones; therefore, explicit time integration was used to solve both static and dynamic loading conditions. To obtain the collapse load under static loads, the forces were increased slowly enough not to cause any dynamic effects. The ordinary differential equation that represents the dynamic behavior of the system is
where M, C, and K 5 mass, damping, and stiffness matrices, respectively; U 5 unknown displacement vector; the over dots 5 time derivative; and R 5 external force vector applied to the system. If written as a function of time t, the equilibrium equation [i.e., Eq. (5)] becomes
where F I ðtÞ 5 M € U, F D ðtÞ 5 C _ U, and F E ðtÞ 5 KU are the inertial, damping, and internal resistance forces, respectively. Based on the authors' experience, implicit algorithms have failed to solve the problem, especially when large deformations are required to develop instability and failure of a bridge. Therefore, as mentioned previously, the equations of motion for the dynamic system were solved using the explicit time integration. The unknown displacement vector, U t1Dt , at the subsequent time step, t 1 Dt, is calculated using the central difference method (Bathe 1996) 1
The time step Dt required for numerical stability is
where T n 5 smallest period of vibration for the system with n DOF. The contact algorithm is crucial for the accuracy and robustness of the solution. The algorithm used in the LS-DYNA model uses the penalty method (Hallquist 2006) . Two adjacent stone entities are defined as master-and-slave pairs. The contact treatment is symmetric, and the mesh densities of the master and the slave parts are equal. Therefore, the definitions of the slave stone and the master stone are arbitrary. The contact segments of the surface belonging to the master stone and the penetrating nodes of the slave stone are internally generated by the LS-DYNA program. The penalty method involves placing normal interface springs between all penetrating nodes of the slave stone and the contact surface segments of the master stone. The minimum of the moduli of elasticity of the slave and master stones are used in computing the spring constant. The stone elastic modulus (20 GPa) are input for contact stiffness calculations. The value of the spring constant and the time step is dynamically adjusted to minimize unacceptable penetrations. The penalty method conserves momentum without the need for impact and release conditions, and does not require special treatment of the intersecting interfaces of the slave and master parts. For each slave node, the nearest point on the master surface is found, an interface spring is placed between the slave node and the master surface, the spring force is computed based on the amount of penetration and the spring constant, and the spring force is applied in equal magnitude and in the opposite directions on the slave node and the master segment. The contact interface spring constant, k si , for 8-node hexagonal elements is (Hallquist 2006) 
where f i 5 unit vector in the normal direction between the slave node and master segment i; K i 5 bulk modulus defined as the minimum of the slave and the master parts; and A i and V i 5 face area and volume of the hexagonal element of the master segment i, respectively. Equal elastic moduli for all stone parts yield equal bulk moduli for the contact interface spring stiffness calculations. The calculation of the contact force is schematically shown in Fig. 10(b) . Viscous contact damping was included in the contact treatment to damp out spurious oscillations. The use of viscous damping also filters out high-frequency noise. A Coulomb friction formulation in Fig. 11 . Collapse load as a function of load location: (a) load perpendicular to arch extrados; (b) load in the direction of gravity (MATLAB and LS-DYNA stand for analytical and numerical solution, respectively) the tangential direction was also used in the contact definitions. The stability of the Titus Bridge is sensitive to the coefficient of friction defined between the slave and the master stone pairs as discussed subsequently in more detail.
Verification of the Computer Simulations
The results from the simulations were compared against the analytical solutions for two cases of distributed loads applied on individual stones (1) perpendicular to the arch extrados and (2) in the direction of gravity. For this comparison, and to be consistent with the analytical solution, the results from the models with rigid blocks and without soil-structure interaction are used. In Fig. 11 , the collapse loads for both cases are plotted against the load location, which is given in terms of the stone number.
For the case where the loads were applied in the direction of gravity, good agreement between the analytical and numerical solutions was observed for the whole range of load locations [see Fig. 11(b) ]. For the case where the loads were applied perpendicular to arch extrados, the results from the simulation and analytical solution matched when the loading was on Stones 8-11. Outside this range, the simulation results deviated from the analytical solution as a result of the contribution of sliding between the stones to the failure mechanism. As mentioned previously, the analytical solution assumes that no sliding occurs between the stones. In this regard, the FE solution is considered more accurate. If the loading is applied on Stone 2 perpendicular to arch extrados, the arch fails because of the sliding of the loaded stone (no hinge formation occurs), and as a result a significantly lower collapse load is attained. Other reasons for the slight discrepancy between the collapse loads calculated analytically and predicted by numerical simulation are the minor differences in the failure mechanisms predicted by each method. As an example, the failure mechanisms are shown in Fig. 12 , where it is observed that the analytical and numerical solutions predict a different location (between Stones 15 and 16 and between Stones 16 and 17, respectively) for one of the hinges. Overall, it is observed that the results from the FE analysis compare very well with the analytical solutions, which are used as a basis to further investigate the arch behavior under more complex cases using the computer models.
Additional Analysis under Static Loading
The collapse load was also obtained for elastic stones when considering the soil-structure interaction. All of the results, including those for verification of the FE models presented in the previous section, are provided in Table 1 . The values for Stones 2-11 are provided in Table 1 because the arch is symmetrical with respect to the keystone (i.e., Stone 11).
It was observed that the presence of soil significantly increases the collapse loads in both cases whether the loads were applied perpendicular to the arch extrados or in the direction of gravity. The effect of the soil-structure interaction on the collapse load was higher when the load was applied closer to the crown (or the keystone). The underlying reason is that when the load is at or close to the crown, the arch tends to open toward both sides [as shown in Fig. 6(b) ], applying compressive forces on both soil approach ways as opposed to moving toward one side [as shown in Fig. 12(a) ] when the load is closer to the supports. When loading at the crown was considered without the soil-structure interaction, the arch could sustain a load of approximately half its self-weight (i.e., ∼108 kN). In the presence of soil, which is a more realistic representation of real conditions, the collapse load increases to approximately 5,296 kN, which is undoubtedly too high to occur for any practical use of the bridge. When this load case was simulated using elastic material properties with element erosion feature, the failure mechanism initiated at a considerably lower load (∼2,250 kN) as a result of crushing of the corners of the stones. It can be seen that crushing of the stones does not occur for models without the soil approach ways including those presented in the subsequent section (dynamic analysis). However, when elastic material properties are used instead of rigid assumption, it can be seen that as a result of the deformation of the stones a collapse mechanism was produced at a load that is approximately half of what was obtained for the rigid block assumption. The crushing of the stones' corners at the hinge locations is illustrated in Fig. 13(a) for crown loading in the presence of soil approach ways. This observation is significant because rigid stones were assumed in analytical methods, which limit their applicability. Various live-load cases that have the highest likelihood of occurrence were also investigated to determine the minimum collapse load. For brevity, the specific results are not presented here; however, it was observed that distributed loads applied on or close to Stone 6 resulted in the lowest arch capacity. The effect of the friction coefficient on the collapse mechanism was also investigated and the results are presented here. The friction coefficient was gradually decreased for the case where Stone 9 was loaded in the direction of gravity. It was observed that under static loading the collapse load is independent of the coefficient of friction for values greater 0.55. As illustrated in Fig. 13(b) , the collapse load remains constant at a level of approximately 100 kN if the friction coefficient is greater than 0.55 and the failure occurs as a result of hinge formation. For friction coefficients lower than 0.55, the failure mechanism changes to combined sliding and hinge formation.
Dynamic Behavior of the Bridge
As mentioned previously, the Titus Tunnel Bridge is located in a seismically active region and has experienced several large magnitude earthquakes throughout its lifetime. Therefore, it is worthwhile to investigate the dynamic behavior of the bridge under seismic loading. First, a modal analysis was performed to obtain the mode shapes and periods of the bridge. As opposed to conventional modal analysis, which is restricted to small strain and displacement assumptions, here, flexible rigid bodies were used, which extends the modal analysis to accommodate finite rigid body motions. For reliable modal analysis of the Titus Tunnel Bridge, this approach is necessary. An eigenvalue analysis including the contribution of contact stiffness between the discrete elements was performed using implicit analysis. The first four mode shapes and periods are provided in Fig. 14 . The values given in parentheses pertain to the FE model with soil-structure interaction. Although not reported here, slightly higher values were obtained when the stones were modeled as elastic rather than rigid blocks. Although the results from the model with rigid blocks and without soil-structure interaction are only shown in Fig. 14 , similar mode shapes were obtained for the other two cases considered. As seen in Fig. 14 , the first two modes are deformations of the arch in the transverse and longitudinal directions, respectively (see Fig. 9 for the definition of directions). The third mode is the torsional, while the fourth mode is the in-plane, up-down deformation of the arch. As seen in Fig. 14 , the periods are slightly reduced for modes with deformations that engage the soil springs.
Three ground motions, all recorded in Turkey, were selected to carry out the nonlinear transient dynamic (time history) analysis; namely, the 95 Erzincan Station from the 1992 Erzincan earthquake, the ERD 99999 Duzce Station from the Duzce 1999 earthquake, and the KOERI 99999 Station from the 1999 Kocaeli earthquake. The horizontal and vertical acceleration response spectra for these ground motions are shown in Fig. 15 , where all the components of the considered ground motions are normalized to 1g for comparison of the spectral shapes. Four different applications of earthquake loads were considered. In Case 1, the north-south (NS) component of the records was applied only in the arch transverse direction. In Case 2, the east-west (EW) component of the records was applied only in the arch longitudinal direction. In Case 3, the NS and EW components of the records were applied in the arch transverse and longitudinal directions, respectively. In Case 4, in addition to the horizontal components in Case 3, the vertical component of the records was applied in the arch-up direction. In each of these load cases, each component of the acceleration time histories was linearly scaled up with the same scale factor until the arch collapsed. No live load was added to the seismic weight of the structure because the occurrence of an earthquake in loaded conditions is unlikely.
The results of the dynamic analysis are given in Table 2 , where the collapse peak ground acceleration (PGA) and spectral accelerations (S a ) at the period corresponding to the failure mode are presented. From Table 2 it can be seen that the failure PGA and S a are fairly independent of the input ground motion as long as the same failure mode is observed. Different modes of failure were observed for the various load cases and earthquake records considered here; however, all failures were classified under two main groups: failure in the arch transverse (see Table 2 ) and failure in the longitudinal direction. It was observed that the arch has a significantly higher collapse resistance in the transverse direction than in the longitudinal direction, as seen from the comparison of Load Cases 1 and 2. When both horizontal components of the earthquake records were applied (Case 3), the arch failed in the weak direction (longitudinal) and the collapse PGAs were reduced compared with unidirectional applications. An interesting observation concerns the vertical ground motion, which was observed to increase the collapse resistance of the bridge (although the increase was minor).
Given that Case 4 is the most realistic representation of earthquake loading on the bridge, additional cases with soil-structure interaction and rigid blocks (Case 4S), without soil-structure interaction and elastic blocks (Case 4E), and with soil-structure interaction and elastic stones (Case 4SE) were investigated. An important observation from these simulations is that the presence of soil approach ways or the use of elastic material changes the failure mode of the arch under certain ground motions, which increases the seismic resistance. In other words, the arch failed in the transverse rather than the longitudinal direction as shown in the Erzincan and Erzincan and Duzce records for Cases 4S and 4SE, respectively. It was also observed that the arch failed under lower PGA values when the soil-structure interaction was considered or when elastic stones were used (except for cases in which the arch failed in the transverse direction). As an example, Fig. 16 shows the failure modes and failure times of the bridge for the variations of Case 4 under the Kocaeli earthquake. The determination of the latter is somewhat subjective and requires manually estimating when the movement of the arch reaches a level that will result in instability and collapse during the earthquake. Nevertheless, it is expected that this subjectivity will be less than a quarter of a second. It was observed that although the failure PGAs were similar for these cases, the failure modes and when the failure occurred during the earthquake varied significantly.
Although the bridge appears to be a simple structure, the disconnected stones give rise to a rather complex behavior under earthquake excitation, which also explains the variations in the failure modes and collapse PGAs under different ground motions and/or modeling assumptions. These findings also shed light on the characteristics of the expected ground motions in the region surrounding the Titus Tunnel Bridge. Through an analogy with the precariously balanced rocks methodology (e.g., Anderson and Brune 1999; Brune 2002) , the constraints on the strong ground motions can be estimated. Given that Case 4SE most realistically represents real conditions, it is postulated that the maximum PGA in the region has not exceed 1.0g over the lifetime of the bridge. However, considering record-to-record variations in collapse PGAs, further simulations using earthquake ground motions with various horizontal-to-vertical PGA ratios and time-varying amplitudes should be investigated to support this statement. Although, there are no supportive data, the seismogenetic characteristics of the region where the Titus Tunnel Bridge is located indicate that the maximum PGA the bridge has ever experienced would be lower than 1.0g.
Summary and Conclusions
The assessment of the Titus Tunnel Bridge was conducted using analytical techniques and validated numerical models. It was found that there is a significant factor of safety in construction of the bridge. Heyman's geometrical factor of safety is calculated to be between 2 and 12 depending on the boundary conditions. Under the rigid block assumption and when the soil-structure interaction was neglected, the minimum static collapse load was evaluated as approximately 65 kN when the load was applied approximately at 45°from the supports and 90 kN when the load was applied close to the crown. When the soil-structure interaction was taken into account, it was observed that the collapse load drastically increased, reaching up to 5,400 kN when the loading was at the crown. It was seen that the stresses in the stones exceeded the assumed crushing strength of limestone (20 MPa), and when an element erosion algorithm was used in the FE models, the collapse load was reduced to approximately 2,700 kN for crown loading. It was observed that the crushing of the stones occurred only under static loading when the soil-structure interaction was included in the model, and was not critical under earthquake loading. It is concluded that under static loading, these resistance levels are considerably higher than those that would be imposed on the bridge, which has been mainly used as a passageway for pedestrians and those riding animals.
Simulations under earthquake loading provide some important insights regarding the three-dimensional (3D) dynamic behavior of the arch. It was seen that the arch has significantly higher resistance (approximately twice) to seismic loads in the transverse (out-of-plane) direction than it has in the longitudinal (in-plane) direction. In the transverse direction, overturning was the governing failure mode rather than sliding or hinging of the stones, the latter of which dominates the failure in the longitudinal direction. This observation may change depending on the out-of-plane thickness of the considered arch (which is equal to 1.7 m for the Titus Tunnel Bridge). The PGA that caused failure was reduced when both components of the earthquake records were applied in the horizontal plane. An interesting observation is that when vertical ground motion was included in the simulation, the PGA that caused the failure of the arch increased, which suggests that the vertical motion stabilizes the bridge by reducing the effects of horizontal movement. Another important observation is that under certain ground motions the arch failure mode changed when the soil-structure interaction was included in the analysis and/or elastic material properties (rather than rigid) were used for the stones. Among the simulations carried out, the minimum and maximum PGA values that caused the collapse of the bridge were obtained as approximately 0.4 and 1.0g, respectively. The results on the bridge capacity under static and dynamic loading can be used in decision making for future rehabilitation of the structure. Additionally, through a precarious rocks analogy, the maximum PGA value suggests an upper bound on the highest ground motion intensity observed in the region over the lifetime of the structure.
Several assumptions were made here regarding the properties of the soil, arch stones, and friction coefficient. It is recommended that future studies be directed toward evaluating these assumptions as well as the geometrical features (such as the out-of-plane thickness). Additionally, model calibration/verification using data from testing of the in situ materials including the soil would be a worthwhile effort. It is believed that the work presented in this paper is significant because it uses theory (analytical methods) for validation of computer simulations, given that experimental validation is extremely difficult in relation to historical structures. In turn, validated numerical models were used to investigate the 3D behavior of the Titus Tunnel Bridge. The results from these analyses are expected to serve as a benchmark for future studies given that the specific geometry studied here is the fundamental building block of masonry arches worldwide.
